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Electron-beams with a sinusoidal energy modulation have the potential to emit sub-femtosecond x-
ray pulses in a free-electron laser. The energy modulation can be generated by overlapping a powerful
infrared laser with an electron-beam in a magnetic wiggler. Here we report on a new infrared source
for this modulation, coherent radiation from the electron-beam itself. In this self-modulation process,
the current spike on the tail of the electron-beam radiates coherently at the resonant wavelength of
the wiggler, producing a six-period carrier-envelope-phase (CEP) stable infrared field with gigawatt
power. This field creates a few MeV, phase-stable modulation in the electron-beam core. The
modulated electron-beam is immediately useful for generating sub-femtosecond x-ray pulses at any
machine repetition rate, and the CEP-stable infrared field may find application as an experimental
pump or timing diagnostic.
The first generation of x-ray free-electron lasers have
now operated for a decade [1–5], supplying gigawatt x-
ray beams to a variety of users [6]. These facilities
typically lase by self-amplifying spontaneous emission
(SASE), a process which produces longitudinally inco-
herent beams whose spectral widths lie in the range of
∆ω/ω ≈ 10−3 − 10−4 [7, 8] and whose longitudinal sig-
natures match that of the electron-beam current at few
to hundreds of femtoseconds in duration.
There is interest from the community of x-ray laser
users in pulses capable of probing phenomena with sub-
femtosecond resolution [9, 10]. Successful experimental
efforts [11–17] toward this goal have yet to break the sub-
femtosecond barrier at soft x-ray energies.
Single-spike, sub-femtosecond x-ray beams may be pro-
duced by electron-beams with a nearly single-cycle en-
ergy modulation [18–21]. These beams could be gener-
ated by overlapping a single-cycle carrier-envelope-phase
(CEP) stable laser with an electron-beam in a wig-
gler [22]. Suitable infrared lasers exist [23], but challenges
in optical transport and laser-electron synchronization
hinder progress.
In this letter we demonstrate that an electron-beam
may be modulated in a six-period wiggler with no ex-
ternal laser present at the Linac Coherent Light Source
(LCLS). Instead, coherent radiation from a current spike
on the electron-beam tail creates a quasi-single-cycle en-
ergy modulation in the beam-core. The modulation ex-
hibits sub-femtosecond stability and is a few MeV in
amplitude, in agreement with a line-charge model [24–
26], a paraxial model developed here, and the 3D code
osiris [27]. These beam characteristics are sufficient for
enhanced-SASE operation at any repetition rate.
A six-cycle, CEP-stable, gigawatt infrared pulse is a
byproduct of this process. The pulse is timed with sub-
femtosecond precision relative to the electron-beam, and
could therefore be used as timing fiducial or in pump-
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FIG. 1. (top) An electron-beam enters a six-period wiggler.
Radiation generated in the wiggler interacts with the beam,
producing a sinusoidally modulated phase space. (bottom)
Inside the wiggler, a single electron-beam (green dots) of rms
width σ traverses a sinusoidal path of amplitude au from left
to right. The high current tail slice of the beam, θ′, emits
radiation at the longitudinal position z′ that reaches a core
slice θ at the longitudinal position z.
probe experiments.
A schematic of our experiment is shown in Fig. 1. A
beam of electrons with relativistic factor γ travels left to
right along a sinusoidal path (green) of wavelength λu =
2π/ku within a six-period planar wiggler. The resonant
wavelength in the wiggler is
λ1 =
λu
2γ2
(
1 +
K2
2
)
≈ λuK
2
4γ2
, (1)
where the planar-wiggler deflection parameter, K, satis-
fies 0 ≪ K ≪ γ. The tail of the electron bunch, a cur-
rent spike shorter than the resonant wavelength in the
wiggler, emits coherently at the wavelength λ1 = 2π/k1.
2This radiation resonantly modulates the beam-core as it
slips ahead of the electrons.
When the oscillation amplitude, au = K/γku ≈√
λuλ1/π, is much larger than the transverse beam-
width, 2σ,
σˆ = 2σ/au = σ
√
k1ku ≪ 1, (2)
a line-charge model developed from the Lie´nard–
Wiechert fields [24–26] adequately describes the self-
modulation process. This model includes short-range
space-charge-like effects and long-range radiative ef-
fects [28]. It is relevant to our experiment, wherein
σˆ ∼ 0.4. The energy-modulation in this model is compli-
cated by a numerical solution to a transcendental equa-
tion, and the line-charge assumption prevents the under-
standing of beam-size dependence. We therefore develop
a simplified 3D paraxial model that serves a complimen-
tary role in explaining self-modulation.
We are primarily interested in the radiative modula-
tion of the beam-core. We demonstrate in the supplemen-
tal materials that the near-axis field described in FEL
theory texts [29] is sufficient for calculating the radia-
tion from the tail capable of modulating the beam-core.
We also consider only the transverse radiative field under
the slowly varying envelope approximation. Our analysis
therefore fails to reproduce short-range effects, but does
correctly predict the modulation in the beam-core.
The paraxial equation for the near-axis, wiggle-
averaged, slowly-varying field amplitude E resulting from
an electron-beam containing Ne electrons is [29][
∂
∂z
+ ku
∂
∂θ
− i∇
2
⊥
2k1
]
E(x, θ; z) =
−κ1k1
Ne∑
j=1
e−iθj(z)δ(x− xj), (3)
where z is the propagation distance in the lab frame, κ1 =
eK[JJ]/4ǫ0γ is a coupling constant, [JJ] = J0(1/(2 +
4/K2)) − J1(1/(2 + 4/K2)), θj = (k1 + ku)z − ω1t¯ is
the ponderomotive phase of the jth electron at a wiggler-
averaged arrival time t¯, and xj = (xj , yj) is the trans-
verse position of the jth electron. We adopt the notation
of [29] wherein the horizontally polarized electric field is
E =
(Eeiθ + E∗e−iθ) xˆ. Equation 3 only includes radia-
tion at the fundamental harmonic, λ1. In our experiment
harmonic content is suppressed by a current spike larger
than λ1/3 in extent.
A Green’s function for the first-harmonic modulation
from an arbitrary current distribution may be calculated
from the field produced by a delta-function distribution
in the longitudinal dimension, θj(z) = 0. If the trans-
verse distribution of the beam is a symmetric Gaussian,∑
δ(x − xj) ∝ exp{−(x2 + y2)/(2σ2)}, Equation 3 can
be solved without approximation. Given the boundary
condition that there is no electric field at the start of the
wiggler, E(x, θ; z = 0) = 0, the field amplitude is
E =
{
− 2piNeκ1
λ21(iθ+σˆ
2)
exp
(
− 12 xˆ
2+yˆ2
iθ+σˆ2
)
, 0 < θ < kuz
0, otherwise
(4)
where xˆ2 = k1kux
2 and yˆ2 = k1kuy
2. Equation 4 can be
recognized as the TEM00 Gaussian mode. This equation
describes the field at angles relevant to self-modulation,
but other references [30–32] should be consulted for a
complete description of the radiation field. This carrier-
envelope-phase stable few cycle pulse is coincident with
the electron-beam and powerful enough to modulate the
electrons it passes through. The field-induced relative
energy modulation, ∆γ/γ = η, grows in proportion to
the field [29],
dη(x, θ; z)
dz
= χ1
(Eeiθ + E∗e−iθ) , (5)
where χ1 = eK[JJ]/2γ
2mc2 is a coupling factor. Equa-
tion 5 is a wiggler-period-averaged expression, meaning
non-resonant terms that vary rapidly over a wiggler pe-
riod have been dropped. The expression may be inte-
grated over z and averaged over the transverse distribu-
tion to find the mean energy deviation
〈η(θ; z)〉 = −η0(kuz − θ)2σˆ
2 cos θ + θ sin θ
θ2 + 4σˆ4
, (6)
when 0 < θ < kuz, and 〈η(θ)〉 = 0 otherwise. The am-
plitude η0 = 2k1Nere[JJ]
2
/γ is most compactly written
in terms of the classical electron radius re. It can be
several MeV under LCLS-like conditions, exceeding the
slice energy-spread of the electron-beam. Our formalism
is only valid in the beam-core where θ > 2π, a region in
which
〈η(θ; z)〉 =
{
−η0(kuz − θ) sinc θ, 0 < θ < kuz
0, otherwise
(7)
for σˆ = 0.4. The disappearance of σˆ in this regime
suggests Equation 7 should be consistent with the line-
charge model. We demonstrate this agreement in the
supplemental materials. We also discuss the effect of a
large beam-width in the supplemental materials.
Two components of Equation 7 contribute to the decay
of the energy modulation along the bunch. The dominant
term is the denominator in sinc θ = sin(θ)/θ, a result of
diffraction. The factor (kuz − θ), a result of the non-
infinite wiggler extent, represents a shortened interaction
length for slices of the bunch far from the tail. Electrons
θ/2π wavelengths away from the source only interact with
the radiation over (kuz − θ)/2π wiggler periods. These
two effects conspire to produce a quasi-single-cycle en-
ergy modulation.
Self-modulation was observed experimentally using an
X-band Transverse deflecting Cavity (XTCAV) [33] at
3LCLS. The LCLS current profile has spikes at the head
and tail of the bunch that are typically suppressed with
two collimators in a dispersive section [34]. In this exper-
iment we remove one collimator to maximize the peak-
current in the tail.
In Fig. 2 the electron-beam phase-space from an
XTCAV measurement is projected onto the longitudinal
axis to reveal a high current spike on the electron-beam
tail. Wiggler and beam parameters are given in Table I.
This current profile is convolved with Equation 6 to pro-
duce a modulation profile. The current is also convolved
with the Green’s function for a line-charge model based
on the Lie´nard–Wiechert fields [25, 26]. Evidently the
paraxial model fails to reproduce the effect of the short-
range wake in the current spike, but it does correctly
represents the energy-modulation in the beam-core where
conditions are favorable for enhanced-SASE. The down-
ward displacement of the paraxial model is also a result
of the incorrect short-range behavior of Equation 6. We
note the compression factor R56 = ∆z/η of the wiggler
perturbs the current profile over 6 periods, a phenomenon
not accounted for with these models. This effect is im-
portant for longer wigglers [35].
We also performed a simulation of the self-modulation
process in the beam rest-frame using the 3D particle-in-
cell code osiris [27]. The simulation inputs were the
current distribution in Fig. 2, a 2MeV rms slice-energy-
spread, a beam size of σˆ = 0.4, a normalized emittance of
0.4µm, and wiggler parameters given in Table I. The sim-
ulation time-step and grid-size were set to resolve short-
range effects, dx = dy = dz = 2c dt = 1/(16k′1), with
k′1 representing the resonant wavenumber in the average
rest-frame. The average rest-frame is boosted along the
z-axis by a Lorentz-factor of γz = γ/
√
1 +K2/2 = 212.3
relative to the lab frame. The output energy modulation
is in close agreement with the line-charge model.
The measured energy modulation from XTCAV is
shown in black for comparison. Due to challenges in re-
constructing the exact phase-space before the wiggler,
the data were shifted vertically and horizontally for com-
parison purposes. Only the modulation amplitude and
wavelength should be inferred from these data.
TABLE I. Wiggler and electron-beam parameters.
Parameter Figs. 2, 3 Fig. 4 Fig. 5
Wiggler gap (mm) 8.2 8.2 11.5
Wiggler K-valuea 51.5 51.5 43.3
Wiggler period (cm) 35 35 35
Wiggler lengthb (cm) 230 230 230
Beam energyc (MeV) 3953 3782 3420
Beam chargec (pC) 200 180 140
a Calculated from hall-probe field-maps.
b Includes fringe fields, effective magnetic length is 6 periods.
c Reported values are set-points, actual values vary shot-to-shot.
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FIG. 2. (top) The measured transverse phase-space of a mod-
ulated electron-beam with the tail to the left. The inset shows
the beam-core. (middle) A projection onto the time-axis
yields the current profile. (bottom) The energy modulation
predicted from the paraxial model (red) the Lie´nard–Wiechert
model (green), and the osiris simulation (blue) match the
shifted measurement data (black).
To demonstrate the stability of self-modulation we
measure the variation in the modulation period, ampli-
tude, and phase relative to the current spike for a series of
1800 consecutive shots in Fig. 3. The raw rms modulation
period variation is 340 as. Much of this variability is due
to the 1.06 fs temporal resolution of the TCAV and linac
jitter that modifies the peak current on a shot-by-shot
basis. After filtering by the peak-current as measured in
the second bunch compressor, the rms period variability
drops to 190 as. Similar improvements are seen in the
modulation amplitude and phase.
The intrinsic stability of the self-modulation process
makes it a reliable replacement for modulation from an
external laser.
As demonstrated in Fig. 2, the beam tail has a large
energy-spread [34]. This means the peak current in the
tail may be controlled with R56 adjustments between the
linac and wiggler in a dispersive section called dog-leg
2 [36]. In Fig. 4 we provide an example of wagging the
beam tail in dog-leg 2. With the near-optimal R56 of
−0.15mm in Fig. 4(b), the modulation amplitude in the
beam core is largest. The overcompressed beam tail of
Fig. 4(a) and the undercompressed tail of Fig. 4(c) yield
a smaller modulation amplitude in the beam core.
A byproduct of the self-modulation process is a six-
period, CEP-stable infrared light pulse at the resonant
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FIG. 3. The best fit modulation period (top), amplitude (mid-
dle), and phase (bottom) for consecutive pulses in a 15 second
timeframe. The rms width of a Gaussian fit to the binned data
is also reported (right), for both the entire data set (light),
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FIG. 4. The electron-beam phase-space as measured in the
dump when the dog-leg 2 R56 = −0.25mm (a), −0.215mm
(b), and 0.2mm (c). Tail to the left.
wavelength of the wiggler. The radiated pulse energy
can be estimated by measuring the average energy loss
of the electron-beam as it travels through the wiggler.
Fig. 5 shows the average bunch energy measured in the
dump for 4000 consecutive shots with the wiggler set to
K = 43.3 (red) and K = 0 (blue). The data are dis-
tributed along the horizontal axis according the beam
position in a dispersive portion of the linac upstream
from the wiggler. This helps distinguish between energy
lost in the wiggler and shot-to-shot energy fluctuations
that produce energy-correlated orbits. With the wiggler
out, the average beam energy is larger by 2MeV per elec-
tron, in rough agreement with the 4.3MeV energy loss
from the idealized osiris simulation. We note that our
setpoint optimized the stability of the beam-core energy
modulation, but not the energy loss. We therefore see
more energy loss at non-zero dispersive positions, where
FIG. 5. (top) The average beam energy is plotted as a func-
tion of position in a dispersive region of the LTU when the
wiggler is out (blue) and in (red). (bottom) The few MeV dif-
ference between the binned distributions is shown with 1− σ
error bars.
additional R56 changes the current profile.
The 2MeV energy loss and a charge of 140pC imply
an infrared pulse with 280µJ, or roughly 4 gigawatts over
six periods, is produced every shot. Note that, while the
beam modulation exhibits a quasi-single-cycle temporal
structure, our paraxial model predicts that the IR pulse
is composed of 6 cycles with a uniform power profile in
time.
280µJ is comparable to dedicated infrared sources
available to LCLS users [37]. This pulse comes with
sub-femtosecond timing-precision relative to the electron-
beam at any linac repetition-rate. It is also possible to
chirp the pulse with a wiggler taper, a feature that could
be exploited for single-cycle infrared pulse production.
In conclusion, we have demonstrated the generation of
a phase-stable quasi-single-cycle infrared energy modula-
tion of an electron bunch in a wiggler. The modulation is
induced by the interaction of the electrons with coherent
radiation from the tail of the electron bunch. The quasi-
single-cycle structure is largely due to strong diffraction
along the wiggler, which lowers the field intensity experi-
enced by the electrons far from the bunch tail. The mod-
ulation is a few MeV in amplitude and stable in phase
and period at the hundred attosecond level.
This method enables enhanced-SASE operation of
LCLS for attosecond x-ray pulse production, a topic dis-
cussed elsewhere [38]. The self-modulation process also
results in the generation of a GW-scale CEP-stable in-
frared pulse that is timed to the electron bunch with
sub-femtosecond stability. Finally, this passive modula-
tion method is applicable to the next generation of high-
repetition rate, high average power X-ray free-electron
lasers.
The authors thank C. Mayes, C. Emma, and G.
Stupakov for fruitful discussions on modeling self-
5modulation. This work was supported by U.S. De-
partment of Energy (DOE) contract No. DE-AC02-
76SF00515, DOE-Basic Energy Sciences Field Work Pro-
posal No. 100317, DOE Laboratory Directed Research
and Development No. DE-AC02-76SF00515, and the
Robert Siemann Graduate Fellowship. The authors
would like to acknowledge the OSIRIS Consortium, con-
sisting of UCLA and IST (Lisbon, Portugal) for providing
access to the OSIRIS 4.0 framework. Work supported by
NSF ACI-1339893.
∗ jmacart@slac.stanford.edu
† marinelli@slac.stanford.edu
[1] P. Emma, R. Akre, J. Arthur, R. Bionta, C. Bostedt,
J. Bozek, A. Brachmann, P. Bucksbaum, R. Coffee, F.-J.
Decker, et al., Nat. Photonics 4, 641 (2010).
[2] T. Ishikawa, H. Aoyagi, T. Asaka, Y. Asano, N. Azumi,
T. Bizen, H. Ego, K. Fukami, T. Fukui, Y. Furukawa,
et al., Nat. Photonics 6, 540 (2012).
[3] I. Ko, H.-S. Kang, H. Heo, C. Kim, G. Kim, C.-K.
Min, H. Yang, S. Baek, H.-J. Choi, G. Mun, et al.,
Appl. Sci. 7, 479 (2017).
[4] C. Milne, T. Schietinger, M. Aiba, A. Alarcon, J. Alex,
A. Anghel, V. Arsov, C. Beard, P. Beaud, S. Bettoni,
et al., Appl. Sci. 7, 720 (2017).
[5] T. Tschentscher, C. Bressler, J. Gru¨nert, A. Madsen,
A. Mancuso, M. Meyer, A. Scherz, H. Sinn, and U. Zas-
trau, Appl. Sci. 7, 592 (2017).
[6] C. Bostedt, S. Boutet, D. M. Fritz, Z. Huang, H. J. Lee,
H. T. Lemke, A. Robert, W. F. Schlotter, J. J. Turner,
and G. J. Williams, Rev. Mod. Phys. 88, 015007 (2016).
[7] A. M. Kondratenko and E. L. Saldin, Part Accel 10, 207
(1980).
[8] R. Bonifacio, C. Pellegrini, and L. Narducci,
Opt. Commun. 50, 373 (1984).
[9] F. Krausz and M. Ivanov,
Rev. Mod. Phys. 81, 163 (2009).
[10] P. H. Bucksbaum, Science 317, 766 (2007).
[11] P. Emma, K. Bane, M. Cornacchia, Z. Huang,
H. Schlarb, G. Stupakov, and D. Walz,
Phys. Rev. Lett. 92, 074801 (2004).
[12] S. Huang, Y. Ding, Y. Feng, E. Hemsing,
Z. Huang, J. Krzywinski, A. A. Lutman,
A. Marinelli, T. J. Maxwell, and D. Zhu,
Phys. Rev. Lett. 119, 154801 (2017).
[13] J. Rosenzweig, D. Alesini, G. Andonian, M. Bos-
colo, M. Dunning, L. Faillace, M. Ferrario,
A. Fukusawa, L. Giannessi, E. Hemsing, et al.,
Nucl. Instrum. Methods Phys. Res. A 593, 39 (2008).
[14] S. Reiche, P. Musumeci, C. Pellegrini, and J. Rosenzweig,
Nucl. Instrum. Methods Phys. Res. A 593, 45 (2008).
[15] Y. Ding, A. Brachmann, F.-J. Decker, D. Dowell,
P. Emma, J. Frisch, S. Gilevich, G. Hays, P. Hering,
Z. Huang, et al., Phys. Rev. Lett. 102, 254801 (2009).
[16] E. Prat, F. Lo¨hl, and S. Reiche,
Phys. Rev. ST Accel. Beams 18, 100701 (2015).
[17] A. A. Lutman, T. J. Maxwell, J. P. MacArthur,
M. W. Guetg, N. Berrah, R. N. Coffee, Y. Ding,
Z. Huang, A. Marinelli, S. Moeller, et al.,
Nat. Photonics 10, 745 (2016).
[18] E. L. Saldin, E. A. Schneidmiller, and M. V. Yurkov,
Phys. Rev. ST Accel. Beams 9, 050702 (2006).
[19] A. A. Zholents, Phys. Rev. ST Accel. Beams 8, 040701 (2005).
[20] T. Tanaka, Phys. Rev. Lett. 110, 084801 (2013).
[21] C. H. Shim, Y. W. Parc, S. Kumar, I. S. Ko, and D. E.
Kim, Sci. Rep. 8, 7463 (2018).
[22] E. Hemsing, G. Stupakov, D. Xiang, and A. Zholents,
Rev. Mod. Phys. 86, 897 (2014).
[23] Y. Fu, K. Midorikawa, and E. J. Takahashi,
Sci. Rep. 8, 7692 (2018).
[24] E. Saldin, E. Schneidmiller, and M. Yurkov,
Nucl. Instrum. Methods Phys. Res. A 398, 373 (1997).
[25] E. Saldin, E. Schneidmiller, and M. Yurkov,
Nucl. Instrum. Methods Phys. Res. A 417, 158 (1998).
[26] J. Wu, T. O. Raubenheimer, and G. V. Stupakov,
Phys. Rev. ST Accel. Beams 6, 040701 (2003).
[27] R. A. Fonseca, L. O. Silva, F. S. Tsung, V. K. Decyk,
W. Lu, C. Ren, W. B. Mori, S. Deng, S. Lee, T. Kat-
souleas, et al., in Computational Science — ICCS 2002 ,
Vol. 2331 (Springer Berlin Heidelberg, Berlin, Heidel-
berg, 2002) pp. 342–351.
[28] G. Geloni, E. Saldin, E. Schneidmiller, and M. Yurkov,
Nucl. Instrum. Methods Phys. Res. A 583, 228 (2007).
[29] K.-J. Kim, Z. Huang, and R. Lindberg,
Synchrotron Radiation and Free-Electron Lasers: Principles of Coherent X-Ray Generation
(Cambridge University Press, Cambridge, 2017).
[30] A. Hofmann, The Physics of Synchrotron Radiation
(Cambridge University Press, Cambridge, 2004).
[31] H. Wiedemann, Particle Accelerator Physics , 3rd ed.
(Springer Berlin Heidelberg, Berlin, Heidelberg, 2007).
[32] G. Geloni, E. Saldin, E. Schneidmiller, and M. Yurkov,
arXiv:physics/0502120 (2005), arXiv:physics/0502120.
[33] C. Behrens, F.-J. Decker, Y. Ding, V. A. Dolgashev,
J. Frisch, Z. Huang, P. Krejcik, H. Loos, A. Lutman,
T. J. Maxwell, et al., Nat. Commun. 5, 3762 (2014).
[34] Y. Ding, K. L. F. Bane, W. Colocho, F.-J.
Decker, P. Emma, J. Frisch, M. W. Guetg,
Z. Huang, R. Iverson, J. Krzywinski, et al.,
Phys. Rev. Accel. Beams 19, 100703 (2016).
[35] Z. Zhang, J. Duris, J. P. MacArthur,
Z. Huang, and A. Marinelli,
Phys. Rev. Accel. Beams 22, 050701 (2019).
[36] P. Emma, Unpublished (2010).
[37] M. P. Minitti, J. S. Robinson, R. N. Coffee, S. Ed-
strom, S. Gilevich, J. M. Glownia, E. Granados,
P. Hering, M. C. Hoffmann, A. Miahnahri, et al.,
J. Synchrotron Rad. 22, 526 (2015).
[38] J. Duris, Prep. (2019).
6SUPPLEMENTAL MATERIALS
Line-Charge Model
In this section we arrive at Equation 7 by working from
the Lie´nard–Wiechert line-charge model [25]. This model
describes the energy modulation of an electron-beam of
line density λ(s) propagating through an infinite planar
wiggler. In this model the beam has no transverse extent,
which produces an infinite space charge force that the
authors subtract off [24] to recover tractability. What
remains is both short and long-range curvature effects.
Subsequent work [26] averaged the wake presented in [25]
over a wiggler period for a large K wiggler.
Reference [26] describes the energy change after prop-
agating a distance z in an infinite wiggler,
η(z, s) =
e2
γmc2
zW (s), (8)
with
W (s) = −ku
∫ s
−∞
ds′G(s− s′)dλ(s
′)
ds′
, (9)
and
G(s) =
2
π
∫ pi
0
dzˆ
sin∆ cos zˆ + (1 − cos∆) sin zˆ
B(∆, zˆ)
, (10)
where s is the longitudinal beam coordinate, zˆ = kuz,
∆ = ku(z− zr) is the scaled distance between a test par-
ticle at z and a source particle at the retarted position
zr. This scaled longitudinal distance can be determined
by numerically solving the following transcendental equa-
tion for ∆,
ζ(∆, zˆ) =
δ
4
+
1
4∆
{[2(1− cos∆)−∆sin∆]
× (cos∆ cos 2zˆ + sin∆ sin 2zˆ)
− 2(1− cos∆)} (11)
where the beam coordinate s has been scaled to ζ =
sγ2ku/K
2. The B(∆, zˆ) in Equation 10 can be calculated
from ∆,
B(∆, zˆ) =(1− cos∆−∆sin∆) cos zˆ
+ (∆cos∆− sin∆) sin zˆ. (12)
The behavior of G(s) for ζ ≫ 1 was shown to contain
harmonic content [26]
G(ζ) = − 1
2ζ
+
1
2ζ
∞∑
n=1
[JJ]2n cos(4(2n− 1)ζ), (13)
where we have written harmonic coupling constant
[JJ]n = Jn−1
(
2n− 1
2
)
− Jn
(
2n− 1
2
)
(14)
in a way that suggests a direct connection to the paraxial
approach in the main text.
In order to recover Equation 7 we calculate the en-
ergy modulation in response to an electron-beam of Ne
electrons at s = 0, λ(s) = Neδ(s). After integrating
Equation 10 by parts we find
η(z, s) =
rezkuNe
γ
dG(s)
ds
, (15)
where the electron radius re = e
2/mc2 in this unit sys-
tem. Following the discussion in the main text about
the duration of our current spike suppressing higher har-
monic content, the lowest order term in Equation 13 can
be differentiated to give
η(z, s) ≈ −2rezkuNe
γs
[JJ]21 sin(4sγ
2ku/K
2) (16)
= −η0 kuz sinc(k1s) (17)
where terms of order 1/ζ2 have been dropped in the first
line, the resonant condition k1 ≈ 4kuγ2/K2 for large K
was used in the second line, and the amplitude η0 from
the main text was inserted. After identifying the pon-
deromotive phase with k1s, the only difference between
Equation 17 and Equation 7 is in the term (kuz−θ). This
discrepancy is expected since the line-charge Lie´nard–
Wiechert model assumes an infinitely long wiggler. We
therefore conclude that the paraxial approach in the main
text and the line-charge Lie´nard–Wiechert model agree
in the core of the beam.
Near-Axis Approximation
The importance of the scaled beam size, σˆ, is demon-
strated in Fig. 6. In this figure we reproduce the com-
parison between models and simulation from Fig. 2 with
a scaled beam size of σˆ = 3.0. All other parameters are
the same.
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FIG. 6. A reproduction of Fig. 2 with σˆ = 3. All other
parameters are identical.
The wide beam-size suppresses the modulation ampli-
tude like 1/σˆ2 near the source, a feature captured by
7Equation 6. As seen in Equation 6, the modulation phase
also changes near the source for large σˆ. This is a result
of the Gouy phase-shift.
The Osiris simulation suggests that the paraxial model
captures both of these effects correctly, while the line-
charge model overestimates the modulation amplitude
and yields an inconsistent modulation phase.
In the remainder of this section we provide additional
support for why the paraxial model produces the correct
modulation amplitude and phase in the beam-core for a
wide range of beam sizes.
From the diagram in Fig. 1 we can infer that only ra-
diation forming at angles below ∼ (au + σ)/Nλu is ca-
pable of interacting with the beam N wavelengths from
the source. If we are only interested in radiation in the
beam-core, which is at least one wavelength from the tail,
radiation is restricted to angles
φx <
au + σ
λu
=
K
γ
(
1
2π
+
σγ
λuK
)
. (18)
The restriction for φy is stronger since the beam oscillates
in the xz-plane, φy < σ/λu. A natural scaling for angles
in this problem is K/γ, the maximum angular deviation
of an electron in a planar wiggler. The scaled angle φˆx =
φx/(K/γ) is then restricted to
φˆx <
1
2π
+
σˆ
4π
. (19)
This is a strong restriction when σˆ < 1. When the
scaled beam size is larger, as in Fig. 6, another restric-
tion becomes important. The principle of superposition
dictates that in the angular domain, emission at the fun-
damental wavelength λ1 = 2π/ku from a Gaussian beam
of width σx = σ is suppressed like exp(−k21σ2φ2x/2) =
exp(−2σˆ2φˆ2x). The restriction from this effect is there-
fore
φˆx <
1√
2 σˆ
. (20)
The same inequality applies to φy. In Fig. 7, Equa-
tions 19 and 20 are shown bounding the region of an-
gular space relevant to self-modulation. Emission at an-
gles larger than φˆx = 0.3298 cannot participate in the
modulation of the beam-core at any beam-size.
The impact of these restrictions on the field relevant to
self-modulation is best demonstrated by examining wig-
gler radiation in the far-field under the resonant approxi-
mation. WhenK ≫ 1, Hofmann [30] writes the radiation
amplitude of the mth harmonic in the spectral domain as
E˜⊥m(ω) ∝ sinc
(
∆ω
ω1(φ)
πNu
)
×
[(
2φˆxΣm1 − Σm2
)
xˆ+ 2φˆyΣm1 yˆ
]
, (21)
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FIG. 7. Equation 19 (red), Equation 20 (blue), and the an-
gular region described by these expressions (gray).
where ∆ω/ω1(φ) = ω(1 +K
2/2 + φ2γ2)/(2ckuγ
2) -1,
Σm1 =
∞∑
l=−∞
Jl (mau)Jm+2l (mbu) , (22)
Σm2 =
∞∑
l=−∞
2(m+ 2l)
mbu
Jl (mau)Jm+2l (mbu) , (23)
and
au =
1
2
1
1 + 2φˆ2
(24)
bu = 4φˆx
1
1 + 2φˆ2
. (25)
As discussed in the main text, higher harmonic content
is suppressed by the finite extent of the tail current-
spike. We therefore compare the terms Σ11 and 2φˆxΣ12
in Fig. 8. In this figure φˆy = 0 for simplicity. In
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FIG. 8. A comparison of terms in Equation 21 plotted as a
function of the scaled angle φˆx. In this figure φy = 0, and
1≪ K ≪ γ.
the angular region relevant for self-modulation, [JJ] =
J0(1/2)− J1(1/2) ≈ 0.696 is an excellent approximation
for Σ11. We also observe that the term 2φˆxΣ12 is signif-
icantly smaller than [JJ] for most angles. The dominant
contribution to the field capable of modulating the beam-
core is therefore well described by the familiar sinc in the
8frequency domain,
E˜⊥m(ω) ∝∼ [JJ] sinc
(
∆ω
ω1(φ)
πNu
)
xˆ. (26)
Equation 26 is the usual expression for the near-axis field
from a beam in an undulator. It is therefore the solution
to Equation 3 in the angular and frequency domain when
xj = 0 for frequencies near the fundamental. For exam-
ple, see Equation 2.69 in Reference [29]. We therefore
find that solutions to Equation 3 will yield the field ca-
pable of participating in self-modulation.
